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Many classical multivariate statistical methods are mostly based on the
assumption of multivariate normality. Departures from normality, called
non-normality, render those statistical methods inaccurate, so it is important
to know if datasets are normal or non-normal. Especially in medical and life
sciences, most statistical tests required the assumption of multivariate
normality have been extensively used. In this study, after summarizing the
properties of several most widely used multivariate normality tests, we aim
to compare the power and type I error rates of these tests, which have been
developed in recent years by many researchers. So, the reader will elucidate
the differences and the similarities/superiorities and weaknesses of the tests
in order to make the appropriate choice in their practical applications. For
this purpose we carried a Monte Carlo simulation study with nominal « level,
small, medium and large sample size, different dimension and multivariate
distributions which includes different skewness and kurtosis. In conclusion,
the results obtained from the comparative study are given.

© 2016 The Authors. Published by IASE. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Many statistical methods for continuous
variables assume an underlying multivariate
normal distribution. This methodologies have been
widely applied in researches. Thus, several formal
tests were developed for assessing the multivariate
normality of a set of random variables. Let X=(Xj,
Xz,.., Xp) be a vector of p random variables
distributed as a multivariate normal with mean u
and covariance matrix X, that is null hypothesis to

be tested can be written as Hy: X ~ Np(p, X).

A considerable number of ways for assessing
multivariate normality can be found in the
literature. Some recent references are Thulin
(2014), Hanusz and Tarasinska (2012), Delmail et
al. (2011), Tenreiro (2011), Cardoso De Oliveira
and Ferreira (2010), Okamoto and Seo (2010),
Villasenor Alva and Estrada (2009). It can also be
seen reviews by Liang et al. (2009), Koizumi et al.
(2009), Hanusz and Tarasinska (2008), Doornik
and Hansen (2008), Farrell et al. (2007), Arcones
(2007), Siiriicti (2006), Holgersson (2006), Székely
and Rizzo (2005), Pudelko (2005), Mecklin and
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Mundfrom (2005), Dufour et al. (2003), Burdenski
(2000), Henze and Wagner (1997), Henze (1997),
Looney (1995), Romeu and Ozturk (1993), and
Henze and Zirkler (1990).

Various multivariate normality tests, which have
been included in the literature in decades, will be
discussed in the second part of this study, while in
the third section the Monte Carlo simulation study
results, which compares the type I error rates and
their powers of various multivariate normality tests
in respect of the different numbers of variables, the
sizes of samples and significance levels (p, n, a), will
be revealed. Some results and discussions obtained
from the comparative study in section 3 are given in
section 4. Finally, conclusions are given in section 5.

2. Methods

Various multivariate normality tests which have
been included in the literature in decades will be
summarized in this section of the study.

2.1. Villasenor-Alva and Gonzalez-Estrada’s
generalized Shapiro-Wilk (GSW) test

Villasenor Alva and Estrada (2009) proposed a
goodness of fit test for multivariate normality
which is based on Shapiro and Wilk (1965) statistic
for univariate normality and on an empirical
standardization of the observations.
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Assume Xi, ..., Xn, are independent identically
distributed random vector in R?, (p = 1). Let NP (4,
Y) denote the p-variate normal density with mean u
and covariance matrix X . Let 0 be the null vector of
order p and let I be the identity matrix of order pxp.
To test the null hypothesis Ho: X3, ..., Xn is a sample
from Np (u, X), where p and X are unknown, they
proposed the test statistic as

.1
w =7 ?=1WZi (1)

where W is Shapiro-Wilk’s statistic evaluated on
the ith coordinate of the transformed observations

Zit, oy Zin, i=1,...,p. The test based on Wrejects Ho at
atestsize aif W* < canp, where c «n p satisfies the
equation a = P{W* < ca;n_leOholds}.

2.2. Kankainen-Taskinen-Oja’s skewness (b1,
new) test

Kankainen et al. (2007) obtained generalizations
of classical Mardia’s measures of skewness and
kurtosis by using special choices of location and
scatter estimators.

If the multivariate measure of skewness is
constructed so that 71 and C are the sample mean
vector and sample covariance matrix and T3 is the
one-step M-estimator that uses T1 and C as initial
estimators and weight function vi(r) = r?, then the
resulting skewness measure is easily seen to be

D1 new = avei{riz}_zavei,j {rizrjzrij}. (2)

Note that this measure is equivalent to that
introduced in Mori et al. (1993). The limiting
distribution of binew is that of n1Us,

bien~ (22 22) 3)

p

where Ui ~ )(zz) and n1 = 2(p+2)/p?. See also Henze
(1997).

2.3. Kankainen - Taskinen - Oja’ Kkurtosis
(b2,new) test

If the new kurtosis measure is such that it uses
the sample covariance matrix as C1 and one-step M-
estimator based on the sample mean vector and
sample covariance matrix with weight function
v2(r) = (p+2)-1r? as (2, then they have obtained the
generalization of the classical Mardia’s measure of
kurtosis, that is,

bomew = (p + 2)2ave; j{r2r?ri} — 2(p +
2)tave{rtt +p (4)

and the limiting distribution of bz ew is that of n2W1
+ 3y,
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1 (4(p+4) 8
by new~ 7 (W—Z)z)(;(p+2)/2—l + p?)(f) (5)
where Wi ~ )(;(pﬂ)/z_land W2 ~ )(? (Kankainen et
al,, 2007).
2.4. Szekely - Rizzo’s e&-statistic (Energy

Statistic) for testing multivariate normality

The &-test of multivariate normality was
proposed and implemented by Székely and Rizzo
(2005). The test statistic for d-variate normality is
given by

enp =1 (2201 Ell; — X|| - EIX = X'|| -
% Jo1 Tkl _xk”) (6)

where x3, ..., xa is the standardized sample, X, X’ are
iid standard d-variate normal, and ||:|| denotes
Euclidean norm. This new nonparametric test for
equality of two or more multivariate distributions is
based on Euclidean distance between sample units.
Their proposed test wasuniversally consistent
against all fixed alternatives (not necessarily
continuous) with finite second moments. The test
rejects Ho for large values of ¢, , (Székely and Rizzo,

2005).
2.5. Henze-Zirkler (HZ) test

Henze and Zirkler (1990) test which is another
multivariate normal known for good power, is
based on the empirical characteristic function. As
an appealing property of this test have been stated
that it was a consistent test. The test statistic is
based on a nonnegative functional D(.,.) that using
characteristic functions to measure the distance
between the hypothesized function and the
empirical function. In order to consistent test
statistic, the functional D(,.) must equal zero,
providing that the data is multivariate normal
distribution. The non-negative functional is given as

Dp(P,Q) = [, |P(0) = QO] pp(0)dt 7

where ﬁ(t)is the characteristic function of the

proposed distribution and Q(t)is the empirical

characteristic function. The functional consists of a
1 (np+1))PH*

A

is a smoothing parameter. The test statistic was

proposed as

weighting function Pp (t), where g =

2
To(p) = Xy Ty exp (-5 D% ) — 201 +
> B2 >
32) 2 ;Z?zl exp (_Z(TBZ)DEL) + (1 + Zﬂz) 2 (8)
where D?%is the squared Mahalanobis distance

betwwen two given observations and DZis the
squared Mahalanobis distance from a given
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observation to the centroid. The test statistic is
approximately lognormally distributed and this
distribution is used to find the critical values of the
test. The test rejects Ho for large values of Tg(p).

2.6. Royston’s H multivariate normality test
(1992)

Let X;,X,,...,X, be a multivariate random
sample of size n, where XjER” and if
X))k X2k - -+ » X(m)k denotes an ordered univariate

sample for the kth variate, the Shapiro-Wilk’s test
statistic is

(270 @Xgul®
=0 9
k E}Ll(xl‘k—x.k)z ©)

where X, = Z]'-lzl Xjk/n is the sample mean, and aj
the estimator of the normalized best linear
unbiased coefficients for j = 1,2,...,n. Royston
(1992) suggested a normalizing transformation of
Wi, obtaining a standard normal score Zx, for k = 1,
2,..., p- Next, the statistic is calculated,

@:{¢*E¢Gﬁﬁ”{fﬂk=ll_”p (10)

where ®(x) = 1/V/21 f_xoo exp —t2/2 dt denotes the
standard normal cumulative distribution function.
Finally, the test statistic proposed by Royston
(1992) was defined by

H= ”22:1 Ky

(11)

that is approximately )(12;, where v is referred to as

the equivalent degrees of freedom, since k,, are not
independent. See also an estimate for v based on the
method of moments (Royston, 1983; Cardoso De
Oliveira and Ferreira, 2010).

3. Simulation study

A simulation study for the comparison of the
tests introduced in the previous section is discussed
in this section. This simulation study is comprised
of two parts. In the first part of the study, the
Generalized Shapiro-Wilk test (GSW), which has
been proposed by Villasenor-Alva and Gonzalez-
Estrada, the Kankaiken-Taskinen-Oja’s skewness
test (binew), the Kankainen-Taskinen-Oja’s kurtosis
test (bznew), the Energy test, the Henze-Zirkler (HZ)
test and the Royston (1992) test statistics are
compared in terms of type I errors. The second part
is comprised of the power comparisons of these
tests. In the simulation study, the iteration number
has been taken to be 10000, and an R code
programme has been prepared for each test
procedure. The results which have been obtained
have been displayed using tables and figures. For
the comparison of type [ errors and the
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comparisons in respect of the power of the tests,
the number of variables has been taken to be p = 2,
3, 5, 10, and the sizes of the samples have been
taken to be n=20, 50, 100 and 200. Comparisons in
terms of type I errors and power of tests have been
performed for nominal a = 0.05.

In the Monte Carlo simulation study the
selection of the alternatives to be used against a
multivariate normal distribution is quite important.
The purpose here is to define the multivariate
normality tests which possess the best performance
in many situations. The first distribution which
needs to be paid attention to is the multivariate
normal distribution. There are two reasons for the
comparison of tests according to normal
distribution. The first is to check to be sure that the
algorithms used in the calculation of the test
statistics has been programmed correctly, while the
second is used to be sure that the tests reject
normality only at approximate nominal a levels
(thus making a type I error).

The study will consider several normal mixture
models in order to perform the simulation of the
sample units derived from two different
populations as a second distribution. The general

form of the normal mixture model is 5Np (“1' 21) +
(1- ﬁ)Np (“2' 22). The p here is the contamination
parameter, and specifies the rate of the sample
obtained from one population. Three contamination
levels will be reviewed. The first level is p= 0.9

(90%, 10%), and contains mild contamination.
Therefore, it is skewed and leptokurtic. The second
levels is p= 0.788675 (78.8675%, 21.1325%), and
contains moderate contamination. It is skewed and
mesokurtic. The third level is p= 0.5 (50%, 50%),

and contains severe contamination, and is
symmetrical and platykurtic. The second normal
mixture model has quite an interesting

characteristic. The kurtosis of this model is normal,
but the model has a distribution which is not
normal. Therefore, it is expected that the kurtosis
tests of our data set will be of low power. The total
number of normal mixture models considered in
the study is 6. In these models, the symbols are
defined as follows:

i,: Mean vector whose components are zero;

H,: Mean vector whose components are one;

I: Unit matrix with a dimension ofp X p;

%,: Quadratic matrix with a dimension ofp X p,
whose diagonal components are 0.2;

Z,: Quadratic matrix with a dimension ofp X p,
whose diagonal components are 0.5;

¥;: Quadratic matrix with a dimension ofp X p,
whose diagonal components are 1, and non-
diagonal components are 0.5 (Mecklin and
Mundfrom, 2000).



Ozlem Alpu, Demet Yuksek / International Journal of Advanced and Applied Sciences, 2(6) 2015, Pages: 73-85

Thus, the normal mixture models have been
obtained as below:

1. 0.9N,,(0,%;) + 0.1N, (1, %)
2.0.788675N,(0,%,) + 0.211325N,,(1, %,)
3.0.5N,(0,%,) + 0.5N,(1,%,)
4.0.9N,(0,%5) + 0.1N,,(1,1)
5.0.788675N,,(0,5) + 0.211325N,,(1,1)
6.0.5N,,(0,%;3) + 0.5N,,(1,1)

The elliptical contoured distributions considered
in the simulation study are symmetrical
distributions whose contours possess equal
intensity. These distributions have an elliptical
shape. The form of the density function of the

elliptical distribution is f(x) = k,|2|7*? g[(x —
w)'271(x — w]. Here, x is a random vector, ky is a
fixed scaler, and g(.) is a non-increasing positive
function. The elliptical contoured distributions are
shown with ECp(u, X, g). Multivariate normal

distribution with k, = (27‘[)_7’/2 and g(t) =
exp (— g) values are a special case of the elliptical

contoured distribution. Elliptical distributions are
symmetrical distributions which have a close
relationship with normal ones. Therefore, mild
departures occur from normality. The type Il
Pearson distribution and type VII Pearson
distribution have been used as an example of
elliptical distributions. Johnson (1987) has stated
that type II and type VII Pearson distributions are
quite suitable for Monte Carlo studies. That is
because these distributions are easy to generate,
and they cover many of the elliptical distribution
family. In our study, the Pearson type II distribution
has been generated for different shape parameters
of m = 2, 4, and 10. For m =10 this distribution is
quite close to multivariate normality. Multivariate ¢t
and Cauchy distributions are a special case of the
Pearson type VII family. A multivariate Cauchy
distribution with v = 1 degrees of freedom and a
multivariate t distribution with v = 10 degrees of
freedom are obtained. In our study, the type VII
Pearson distribution with v = 1 and 10 degrees of
freedom has been generated. Other than these, a
multivariate ¢t distribution and a multivariate
Cauchy distribution with 2 degrees of freedom has
also been generated.

Distributions where severe departures are seen
from normality possess skewness, and are outside
the elliptical contoured distribution family. The
multivariate normality tests, which are being
examined, are expected to display high levels of
power for these types of distributions. Multivariate
chi-square and multivariate lognormal distributions
belonging to this category have been considered in
our simulation study. Both of these distributions
exhibit a heavily skewed and non-normal kurtosis.
Therefore, they are expected to easily determine
that all of the tests have nonnormality and thus to
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possess high levels of power. The multivariate chi-
square distribution is the extended form of the
well-known univariate chi-square distribution. The
chi-square distribution with 1 degrees of freedom
displays positive skewness. Therefore, the
multivariate chi-square distribution with 1, 2 and 4
degrees of freedom has been generated in our
study. The values of the lognormal distribution are
inevitably positive and the distribution is positively
skewed. Therefore, it is expected to display a good
performance in terms of the determination of
deviations from multivariate normality of all tests.
A simple logarithmic transformation will bring the
data from lognormal distribution to normality.

Distributions, where the univariate marginal
distributions are normal but joint distributions are
not normal, are cases where the departure from
multivariate normality is theoretically interesting. It
is not possible to detect this situation using only the
univariate method, and it is problematic even for
multivariate methods. One of the multivariate
distributions which fits this definition is the
Khintchine’s family of distribution. This distribution
is expected to clarify the real power of the tests. It is
expected that the tests do not behave well when
detecting that the data does not possess
multivariate normality.

Another case which is theoretically interesting is
the multivariate nonnormal distributions which
possess multivariate normal skewness and kurtosis.
The family of generalized exponential power
distribution possesses this feature. Horswell (1990)
has used two members from this distribution family
in his own study.

Apart from these distributions, the symmetrical
and multivariate Laplace distribution has also been
used in our simulation study. The multivariate
Laplace distribution is the multi-dimensionally
extended form of the univariate, symmetrical
Laplace distribution. This distribution is
leptokurtic. Therefore, it is one of the alternative
distributions which can be used against
multivariate normal distribution (Farrell et al,
2007; Székely and Rizzo, 2005).

The purpose of this study is to examine the
power of the 6 multivariate normality tests, which
have been developed in the recent years, in order to
evaluate multivariate normality via the simulation.
With this purpose in mind, the Monte Carlo
simulation has been used. The sizes of the samples
within the study have been determined as n= 20,
50, 100, and 200, while the numbers of the
variables have been determined as p= 2, 3, 5, and
10. The data sets have been generated from 4
different sizes of samples and 4 different numbers
of wvariables, from 21 different multivariate
distributions. As a result, the simulations of
21x4x4=336 cases have been tested with
significance level of @=0.05. 10000 simulations of
each combination have been performed. It has been
chosen to restrict the sample sizes and numbers of
variables in order to keep the required calculation
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time for the simulation at reasonable levels and to
be able to evaluate the small sample sizes for
multivariate analyses. According to researchers,
these sample sizes define the most critical cases of
the multivariate normality assumption (in terms of
type I and type II errors). The multivariate
normality tests examined in the study are the
generalized Shapiro-Wilk test (GSW), which has
been proposed by Villasenor-Alva and Gonzalez-
Estrada, the Kankainen-Taskinen-Oja’s skewness
test (binew), the Kankainen-Taskinen-0ja’s kurtosis
test (bznew), the Energy test, the Henze-Zirkler (HZ)
test and the Royston (1992) test. The Monte Carlo
simulation method has been used to determine the
power of the tests. In this context, several
multivariate distributions have been considered.
These distributions are multivariate normal
distribution, multivariate normal mixture
distributions (which contain various contamination
levels, means and variances), the Pearson type Il
and Pearson type VII distributions from the
elliptical contoured distribution family, the
multivariate t distribution, the multivariate Cauchy
distribution and multivariate Laplace distribution,
from among the symmetrical distributions, the
multivariate chi-square distribution and
multivariate lognormal distribution from among the
heavily skewed distributions, the Khintchine
distribution and the generalized exponential power
distribution, from among distributions which,
according to their features belong to multivariate
normal distributions, but which are not themselves
multivariate normal distributions.

When making a comparison in terms of type I
errors, empirical type [ error values have been
obtained for the different p, n at nominal « value.
For each test, the convergence level of the empirical
type 1 error to the nominal a value has been
examined. The rejection rates of the null hypothesis
for multivariate normality have been taken as

empirical type I errors, and have been obtained for
every case and every distribution from every test,
and presented in tables. Thus, the empirical power
of each test statistic has been determined.

4., Results and Discussion

The empirical type I error rates and powers of
the generalized Shapiro-Wilk test (GSW), which has
been proposed by Villasenor-Alva and Gonzalez-
Estrada, the Kankainen-Taskinen-Oja’s skewness
test (binew), the Kankainen-Taskinen-Oja’s kurtosis
test (bznew), the Energy test, the Henze-Zirkler (HZ)
test and the Royston (1992) test, which have been
selected for the application part of this study in the
multivariate normality tests, have been compared
using the Monte Carlo simulation method. The first
distribution on which the simulation was carried
out was the multivariate normal distribution. In this
case, the null hypothesis that the data set has been
generated from a multivariate normal distribution
will be tested. It is expected that the empirical
rejection rates of data sets generated from
multivariate normal distributions are close to the
nominal a significance level. A rejection rate
considerably higher than the a level will mean that
there is a problem in the type I error rate. The other
distributions considered in this study will display
deviations from multivariate normality, which vary
between mild to severe. Under these circumstances
it is necessary to assess the null hypothesis as being
incorrect, and to reject it. Low rejection rates will
mean, in particular, that there is a problem in the
type Il error rate in the comparisons with the other
tests, as well a problem in the power of the tests.

The rates of rejection of the Hy hypothesis in
connection with tests of the multivariate normal
distributions have been given as a percentage, as in
Table 1.

Table 1: Type I error rates of the tests for multivariate normal distribution(MVN) a=5%
b1,new \ b2,new Energy Royston
n=20 4.89 1.67 0.77 4.74 3.66 4.79
p= n=50 4.96 3.73 2.37 4.78 4.16 491
n=100 4.55 4.04 3.12 4.44 4.40 4.51
n=200 5.01 4.52 3.94 4.92 5.15 4.78
n=20 4.76 0.94 0.86 4.97 3.37 4.71
p=3 n=50 4.78 3.06 3.00 4.70 4.19 4.89
n=100 4.70 3.90 4.17 4.65 4.60 4.53
n=200 4.70 4.45 4.49 4.60 5.19 4.52
n=20 4.67 0.12 1.00 4.90 2.79 4.71
p=5 n=50 4.88 2.02 4.16 4.87 4.46 4.81
n=100 4.68 2.99 5.46 4.61 4.78 4.61
n=200 4.78 3.99 6.20 4.73 491 4.77
n=20 4.71 0.00 1.76 4.82 2.81 4.35
p=10 n=50 4.89 5.50 5.02 5.17 4.10 4.64
n=100 4.73 3.48 8.65 5.03 4.79 4.94
n=200 4.73 3.48 8.65 5.03 4.79 4.94

When Table 1 is examined, it is observed that
the rejection rates of the Ho hypothesis in certain
tests is much lower than the nominal « level, and in
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some it is higher than the nominal a level. The rates
of rejection of the Ho hypothesis in the Kankainen-
Taskinen-Oja (bznew) skewness test show the
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changes between 0.00 to 5.50 for a=0.05. The rates
of rejection of the Ho hypothesis in the Kankainen-
Taskinen-0ja (bznew) kurtosis test show the changes
between 0.77 to 8.65 for @=0.05. The binew and bznew
tests show especially severe deviations from the
nominal a significance level at the situation where n
= 20. The other tests possess rates of rejection at
nominal a level for the multivariate normal data.
According to the Henze-Zirkler (HZ) test;
generalized Shapiro-Wilk (GSW) test, and the
Energy and Royston tests, even though the nominal
a level is a little further away from the significance
level at n = 20, in general all four tests possess
consistent rejection rates. The results for n=20 and
p= 2, 3, 5 and 10 related to the multivariate
distributions are shown in Table 2. It is expected
that the kurtosis test will be the least sensitive to
the lognormal distribution. As can be seen from
Tables 2 and 3, in most cases the test with the
lowest empirical power is the kurtosis (bznew) test.
In addition, the bznew test displays a lower power
than the other four tests at n = 20 and 50, and its
power is seen to rise as the sample size increases.
The Royston test is more powerful for n = 20, p=2
and 3, and the GSW test is more powerful for n = 50,
p = 2. At n = 100 and p=5 and 10 the empirical
power of all tests are 100%. The Energy test has the
lowest empirical power at n =100, p=2,3 and n =
200. When n = 200, the empirical power of the
Energy test decreases.

For multivariate Cauchy distribution, the
differences between the tests can be seen when n =
20. There is quite an interesting situation for the
Energy test.

While the Energy test possesses the highest
empirical power when n = 20 and 50, when n = 100,
p=2, 3 and n = 200, it has the lowest empirical
power. A consistent increase is seen in the power of
the binew test based on the sample size. Therefore it
can be said that the binrew test is sensitive to sample
size. However, it still displays a lower power than
the other tests for n = 20 and 50. The GSW test
possesses the lowest power (44.04 %) at 0.05
significance levels for n = 20 and p = 10. Something
else which stands out here is that the binew test also
displays quite low power (56.65%) at 0.05
significance levels for n = 20 and p = 10. All tests
possess the maximum empirical power (100%) at
n=50, 100 and p =10, n =100 and p = 5.

It is expected that the skewness tests in the
multivariate Laplace distribution display low
power. Where the sample size is 20, it is observed
that the empirical power for all tests are low.
However, when the samples sizes rise, the empirical
power of the tests increases. Even still, there is no
situation where all of the tests reach the maximum
(100%) empirical power levels (in connection with
n and p). The test with the highest empirical power
in all cases with this distribution is the Energy test.

For multivariate tp) distribution as with the
multivariate Laplace distribution, the test with the
lowest power is the binew test, and the empirical
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power at the 5% significance level for p = 10, n=20
is 5.08%. The empirical power of the Energy test
increases when the sample size changes from n = 20
to n = 50 and 100, but when the sample size is n =
200, this has a contrasting effect. Despite the fact
that the binrew test has low empirical power, it is
sensitive to sample size. In the same way, when the
sample size for the GSW, HZ, Royston and bznew
tests increases, an increase is also seen in their
power. All tests reach 100% power at n=100 and p
=10.

The skewness and kurtosis values of the
generalized exponential power distributions are
equal to the multivariate normal distribution
values, but the distribution is not a multivariate
normal distribution. Most of the tests display low
power for the generalized exponential power
distribution. In particular, the bznew test displays a
poor power performance. The bznew test can be said
to be the worst test for this distribution. Apart from
this, it is also seen that the binrew test has the lowest
power (0.00%) of all the tests for n = 20. Therefore,
it possesses the worst power performance for n =
20 and p = 10. However, as the sample size grows,
an increase in the power is also seen. When n = 20
and 50 for the b1 new test, a decrease in power is seen
together with an increase in the number of
variables. The Royston test and the GSW test can be
said to display good levels of power for the
generalized exponential power distribution.

When Tables 2-5 is examined in order to the
Khintchine distribution, it can be seen that in
particular the GSW and Royston tests display quite
low power. While the empirical power values for
the GSW test show the changes between 3.06 and
4.89, the empirical power values of the Royston test
changes between 4.85 and 6.19. The binew test
possesses the lowest empirical power (0.00%) for n
= 20 and p = 10. The Energy test can be said to
display better empirical power than the other tests
for this distribution.

As it is known that the multivariate chi-square
distribution with 1 degrees of freedom is a severely
skewed distribution with heavy tailed, it is expected
that the values related to the skewness test will be
high. When Tables 2-5 is examined, it can be seen
that the binew test is sensitive to sample size.
However, as the number of variables increases at n
= 20, the power of the binew test decreases. An
interesting situation seen with the binew test is that
it displays quite low power (4.01 for =0.05) at p =
10 and n = 20. The bznew test displays low power at
n = 20, while the remaining four tests display quite
a good power performance.

All tests reach maximum power (100%) at n =
100, p =5, 10. The Royston test reaches 100%
power in almost every case. When the multivariate
chi-square distribution with 2 degrees of freedom
in Tables 2-5 is examined, it can be seen that all
tests are sensitive to sample size. However, when n
= 20, p = 10, the bznew test has the lowest power
(0.00 for @=0.05).
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Table 2: Empirical power (in percent): (a=5%, n=20, p=2, 3, 5 and 10
p=2 p=3

Alternative
Distr.
MV 99.24 88.05 60.28 97.18 96.18 99.53 99.9 89.58 67.42 98.70 97.46 100
Lognormal
MV Cauchy 92.58 88.02 88.64 96.84 96.32 94.78 93.01 93.06 93.6 98.86 98.37 97.12
MV Laplace 32.23 26.07 19.88 45.85 40.49 36.44 34.30 30.27 25.84 62.52 54.61 44.47

blnew b2,new | Energy H-Z Royston GSW  bl,new ‘ b2,new | Energy H-Z Royston

MV to) 6199 | 5507 | 51.61 | 6532 | 6192 | 6229 | 62.68 | 62.13 6097 | 7679 | 7077 | 7161
Generalized | 5 40 | 1479 2.98 50.02 | 4497 | 77.83 | 8217 | 1139 3.03 4784 | 4144 | 8953
Exp power

Khintchine | 4.04 4.93 2.97 1044 | 7.78 5.12 3.55 6.46 555 1921 | 13.23 5.15

MV ¥2m) 99.91 88.14 50.99 99.15 98.5 99.99 99.98 87.85 55.87 99.59 98.98 100
MV x?z) 95.35 62.74 28.63 85.81 82.24 96.68 98.59 60.74 31.46 88.95 83.85 99.50
MV ¥ 71.26 36.51 15.22 55.43 50.10 100 82.06 31.60 1591 58.62 48.62 100

Peag‘)m | 585 0.21 0.00 4.25 3.54 5.37 5.72 0.12 0.18 2.81 2.77 5.55
Pea;zg’“ 1 351 0.56 0.19 3.46 2.84 3.19 2.93 0.23 0.32 2.95 243 2.81
Pea‘(‘f(‘))]“ 1 566 1.02 0.55 4.25 3.09 3.36 3.50 0.50 0.54 3.73 2.58 3.34
Pearflo)“ VI 1 9733 | 879 87.85 97.09 | 9642 | 9779 | 99.49 | 93.02 92.68 98.96 | 9855 | 99.73
Peaﬁ%‘; VIL | 1155 | 581 3.83 10.02 | 7.46 1204 | 1262 | 414 3.80 1052 | 6.40 13.59
Mv(lg g’[)‘“ 19.75 | 23.13 1330 | 2802 | 2364 | 3114 | 1605 | 21.46 1653 | 3420 | 2407 | 37.07
MVN Mix 1
(0788675) | 2334 | 2314 9.07 3672 | 3297 | 3694 | 2118 | 2280 1240 | 4450 | 3516 | 46.03
MV(IE)I I;/I)IXI 1490 | 559 2.64 1931 | 1671 | 1694 | 1523 | 5.84 5.00 26.09 | 2129 | 2055
Mvg)lg)‘x 573 | 202 2.03 537 | 420 497 602 | 173 415 597 | 376 5.30
MVN Mix 11
(0.788675) | 2 1.93 2.16 547 | 4.10 4.65 6.35 1.79 4.30 659 | 4.16 5.00
Mvg)]\é[)‘x 473 1.72 135 5.42 4.01 4.29 5.65 1.37 2.97 6.51 412 442
p=5 p=10
Alt«{e)l;r;; tive bl,new b2,new | Energy Royston bl,new | b2,new | Energy Royston
MV 99.99 | 85.11 72.68 | 9929 | 974 100 100 9.46 59.9 97.75 | 80.97 100
Lognormal
MV Cauchy | 89.58 | 9561 | 9649 | 99.74 | 9936 | 99.06 | 44.04 | 5665 | 93.94 | 9991 | 97.83 | 99.71
MV Laplace | 33.99 | 29.13 3022 | 8233 | 7198 | 5645 | 1963 | 325 2777 | 9381 | 7747 | 73.72
MV ta) 55.08 | 62.03 69.14 | 8833 | 7739 | 8278 | 21.93 | 508 56.45 | 9358 | 62.65 | 92.45
Generalized | g4 37 | 65 2.60 3713 | 2850 | 98.06 | 89.26 | 0.00 2.38 1630 | 9.69 99.99
Exp power
Khintchine | 3.06 5.82 8.23 42.40 | 27.95 4.85 3.19 0.15 12.63 | 72.00 | 40.69 531
MV ) 100 | 79.04 | 5654 | 9944 | 9836 100 100 4.01 3919 | 96.11 | 9887 100
MV ) 99.67 | 41.99 29.01 | 8878 | 78.05 | 99.98 | 99.88 | 0.00 1549 | 72.38 | 37.68 100
MV ¥ 90.72 | 1422 1334 | 57.29 | 3892 100 9523 | 0.00 6.86 38.16 | 1433 100
Peag‘)’“ 1 578 0.00 0.33 1.79 2.02 6.63 4.68 0.00 1.07 1.82 2.41 7.60
Pea{zg’“ 1 30 0.00 0.34 2.54 1.75 2.85 2.76 0.00 1.25 3.06 2.61 2.28
Pe""(rls(‘;)“ 357 0.00 0.68 3.86 2.30 3.36 3.11 0.00 151 3.75 2.69 2.69
Pearff)“ VI 1 9993 | 9530 96.31 99.78 | 9934 | 99.98 100 54.93 96.30 99.88 | 97.40 100
PeaEi‘(’;; VIE Y 4456 | 079 2.76 1046 | 4.81 1654 | 16.65 | 0.00 2.69 10.05 | 3.68 21.64
Mv(lg g/l)‘“ 1091 | 955 1929 | 3715 | 1884 | 4899 537 0.00 1204 | 2641 | 684 | 6681
MVN Mix 1
(0788675) | 1473 | 1275 1641 | 49.05 | 3031 | 60.82 7.35 0.00 2024 | 3890 | 1158 | 82.26
Mv(lg g")”” 1425 | 3.94 9.41 3477 | 2574 | 2758 | 852 0.00 2590 | 39.00 | 17.33 | 4171
Mvg)l\g)‘x 1 590 | 031 9.47 726 | 3.99 5.58 538 | 0.00 2563 | 782 | 342 6.30
MVN Mix 11
(0.788675) | 75 0.47 9.24 8.32 452 5.09 5.80 0.00 2579 | 1055 | 3.88 5.64
Mvg)l\é[)‘x 1 634 0.30 544 854 | 459 451 5.68 0.00 17.34 | 1189 | 468 4.82
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Table 3. Empirical power (in percent): (a=5%, n=50, p=2, 3, 5, and 10

p=2 p=3
Altg?;; tive bl,new b2,new | Energy H-Z Royston GSW  bl,new ‘ b2,new | Energy H-Z Royston
MV 100 100 97.75 100 100 99.96 100 100 99.3 100 100 100
Lognormal
MV Cauchy | 99.97 | 98.46 | 99.99 100 100 99.98 | 99.99 | 99.77 100 100 100 99.99
MV Laplace | 69.89 | 50.05 70.48 | 8452 | 8247 | 7128 | 7818 | 63.14 8621 | 96.18 | 9551 | 82.25
MV to) 9554 | 85.08 | 94.64 | 9487 | 9354 | 93.03 | 97.85 | 92.85 9850 | 98.69 | 97.97 | 97.23
Generalized | g9 5q | 74 cg 7.11 9733 | 95.99 100 100 | 74.03 8.05 98.00 | 96.71 100
Exp power
Khintchine | 4.53 | 10.91 11.85 | 1584 | 14.06 4.95 414 | 2053 2735 | 3934 | 34.06 4.93
MV ) 100 | 99.99 94.93 100 100 100 100 100 97.89 100 100 100
MV x?2) 100 | 99.74 77.41 100 | 99.96 100 100 | 99.84 84.69 100 | 99.99 100
MV x?) 99.64 | 9352 5141 | 9647 | 93.87 100 100 | 94.67 5783 | 9857 | 95.71 100
Peag‘)m 12255 | 0.00 0.75 1077 | 1456 | 2121 | 2858 | o0.11 0.13 757 | 1317 | 2673
Pea;zg’“ | 542 0.41 0.12 459 5.42 4.99 5.34 0.45 0.18 3.54 5.09 471
Pea‘(‘f(‘))]“ 1 568 1.51 0.73 447 4.48 3.66 3.66 1.46 121 3.85 420 3.32
Pearflo)“ VI 1 9999 | 9833 99.97 99.99 | 9999 | 9999 100 99.65 100 100 100 100
Peaﬁ%‘; VIE N 5076 | 1532 17.26 1452 | 1125 | 2091 | 2439 | 1512 20.53 1621 | 1034 | 2533
Mv(lg g’[)‘“ 50.07 | 71.38 5222 | 6171 | 5225 | 6512 | 4890 | 8273 69.19 | 7732 | 6172 | 77.20
MVN Mix 1
(0.788675) | 5976 | 8008 3355 | 8201 | 7655 | 79.69 | 5797 | 89.08 | 4699 | 9282 | 8652 | 90.11
MV(IE)I I;/I)IXI 3845 | 2651 8.83 53.91 | 53.20 45.8 39.79 | 37.17 1795 | 7022 | 6861 | 56.58
Mvg)lg)‘x 1 682 5.13 6.44 5.86 5.17 5.61 8.19 6.35 13.08 6.87 5.14 5.60
MVN Mix 11
(0.788675) | 732 5.40 6.69 6.69 5.77 5.73 9.28 6.39 13.68 8.16 6.36 5.20
Mvg)]\é[)‘x 513 5.40 4.64 6.80 6.06 4.40 7.46 6.39 8.81 9.42 7.85 4.41
p=5 p=10
Alt«{e)l;r;; tive bl,new b2,new | Energy Royston bl,new | b2,new | Energy Royston
MV 100 100 99.87 100 100 100 100 100 99.98 100 100 100
Lognormal
MV Cauchy | 100 100 100 100 100 100 100 100 100 100 100 100
MV Laplace | 86.56 | 80.92 9699 | 99.82 | 99.71 | 9279 | 9053 | 95.88 | 99.92 100 100 98.61
MV ta) 98.93 | 98.40 99.84 | 99.92 | 99.76 | 9931 | 9899 | 99.92 100 100 | 9998 | 99.95
Generalized | ) | g3 46 9.52 97.44 | 93.60 100 100 | 26.23 1037 | 8547 | 65.24 100
Exp power
Khintchine | 3.58 | 39.97 6031 | 8381 | 7828 5.45 346 | 7481 9533 | 99.79 | 99.03 6.09
MV ) 100 100 99.21 100 100 100 100 100 99.74 100 100 100
MV ) 100 | 99.87 | 9053 100 100 100 100 | 99.17 | 94.07 100 | 99.71 100
MV ¥ 100 | 94.19 6559 | 99.33 | 94.92 100 100 | 84.46 7146 | 99.12 | 81.04 100
Peag‘)’“ 13852 | 0.00 0.27 314 | 11.00 | 39.18 | 5009 | 0.00 0.54 0.82 7.53 64.4
Pea{zg’“ | 553 0.33 0.45 243 5.31 4.84 5.45 0.00 1.18 1.10 4.80 5.38
Pe""(rls(‘;)“ e 3.1 0.98 1.75 3.29 4.25 2.79 3.03 0.23 2.47 2.68 426 2.46
Pearff)“ VIEL 100 | 99.98 100 100 100 100 100 100 100 100 100 100
PeaEi‘(’;; VIE | 3040 | 1354 23.19 1881 | 10.02 32.7 4123 | 623 25.1 2121 | 7.47 4733
Mv(lg g/l)"” 4215 | 90.85 8539 | 89.17 | 6437 | 8844 | 2517 | 9017 | 9568 | 93.86 | 37.02 96.4
MVN Mix 1
(0.788675) | 5190 | 9479 6878 | 97.72 | 8992 | 9768 | 3699 | 97.13 9423 | 9927 | 7042 99.9
Mv(lg g’l)”‘l 4128 | 5888 3599 | 87.33 | 8382 | 7189 | 3491 | 84.95 7402 | 9821 | 8819 | 8898
Mvg)l\g)‘x 1 948 7.53 29.07 | 1055 | 6.18 6.50 8.31 5.31 65.25 1715 | 5.69 7.22
MVN Mix 11
(0.788675) | 1154 | 927 29.85 1447 | 808 6.24 1191 | 1049 7015 | 2993 | 834 7.09
Mvg)l\é[)‘x 1 963 9.27 1837 | 1567 | 1052 464 1184 | 1049 4729 | 3567 | 1307 | 427

80



Ozlem Alpu, Demet Yuksek / International Journal of Advanced and Applied Sciences, 2(6) 2015, Pages: 73-85

The bznew test has less power than the other
tests. All tests reach maximum power (100%) atn =
200, p= 5. The test with the best performance for
the distribution is the Royston test. According to the
results related to the multivariate chi-square
distribution with 4 degrees of freedom, there is no
situation where all of the tests which have been
considered reach maximum. Increases are seen in
the empirical power of all tests as the sample size
increases. The bznew test is more powerful than the
other tests. When n = 20, p = 10, the bznew test has
the lowest power performance (0.00%). As the
number of variables increases at n = 20, an increase
is seen in the power of the GSW and Royston tests.
The best test for this distribution is the Royston
test.

The type Il Pearson distribution, for which the
shape parameter is m = 2, is an elliptical contoured
distribution with a short tailed. The power levels of
all tests other than the skewness test (bznew) display
a change according to the sample size. The b1, new test
has the worst power performance. Apart from this
when p = 10 the power at all sample sizes is 0.00.
The bznew test does not display good performance
either, while the power levels of the GSW and
Royston tests show a rapid increase based on the
sample size. Both the GSW and Royston tests have a
power of 100% at p=5, 10 and n = 200. When the
results related to the type Il Pearson distribution,
for which the shape parameter is m = 4, are
examined in Tables 2-5, as with the previous
distribution, the test with the worst power
performance is the binew test. The power levels of
the GSW and Royston tests display a lower increase
for the type Il Pearson distribution with the m = 4
shape parameter. The HZ and Energy tests display
lower power than these two tests. None of the tests
are able to reach maximum power (100%). When
the results related to the type II Pearson
distribution, for which the shape parameter is m =
10, are considered in the tables, the power levels of
all tests decrease based on the increase in the shape
parameter m. The test with the highest power when
m = 10 is the HZ test, but this power level only has
the low value of 6.55%. For n = 20 and 50, the
power levels of all tests remain beneath the
nominal a significance level.

For the results related to the type VII Pearson
distribution with 1 degrees freedom in Tables 2-5,
it can be said that the binew test is less powerful
than the other tests when n = 20 and 50. An
increase is seen in the power levels of the GSW,
bznew, HZ and Royston tests based on the sample
size and number of variables. While the Energy test
displays consistent power levels at n=20, 50 and n =
100, p =5, 10, it has quite low power at n = 100, p =
2, 3 and n=200. An important decrease is seen in
the power levels of the Energy test, in particular
when n = 200. All tests reach maximum power at n
= 50, p =10 and n = 100, p = 5, 10. The GSW and
Royston tests have the best power performance for
this distribution. When the results related to the
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type VII Pearson distribution with 10 degrees of
freedom are examined, a decrease in the power
levels of the tests has been observed together with
the increase in degrees of freedom. There is no
situation when all of the tests reach maximum
power. The binew test has the lowest empirical
power (0.00%) at n=20, p=10. The power of all tests
display increases based on sample size. As the
number of variables rises for all sample sizes, the
power of the GSW and Royston tests increases.
However, when n = 20, the power of the other four
tests decreases as the number of variables
increases.

According to the results related to the type I
multivariate normal mixture distribution with three
different contamination levels (0.9-0.1, 0.788675-
0.211325, 0.5-0.5) in Tables 2-5, while the power of
the tests increases when the contamination
parameter falls from 0.9 to 0788675, when the
contamination parameter falls from 0.788675 to
0.5, the power of the tests decreases. At all three
contamination levels, the binew test has the lowest
power (0.00%) at n=20 and p = 10. It can be seen
that the power levels of the tests increase at
different sample sizes and numbers of variables, as
the sample size increases, at the first contamination
level (0.9-0.1). When n = 20, the power of the binew
test decreases based on an increase in the number
of variables. When p = 5 and 10 lower power values
are obtained for the HZ test. The power of the
Royston test increases together with an increase in
the number of variables, while the power of the
GSW test decreases. Therefore, the test with the
best power performance at the first contamination
level is the Royston test. It can be seen that the
power of the tests increases at different sample
sizes and numbers of variables, as the sample size
increases, for the second contamination level
(0.788675-0.211325). As with the previous
distribution, when n = 20, the power of the binew
test decreases based on an increase in the number
of variables. When the number of variables
increases, an increase is seen in the power of the
binew, bznew, Energy and Royston tests, while the
power of the GSW test decreases. Additionally,
when p =5 and 10 lower power values are obtained
for the HZ test. As a result, it can be said that the
Royston test displays a more powerful performance
with the multivariate normal mixture distribution
at the second contamination level. As the sample
size increases, it can be seen that there is also an
increase in the power of the tests. When the
number of variables increases, the power levels of
the bznew, Energy, HZ and Royston tests also
increase. In general, it can be said that the Royston
test displays a more powerful performance with the
multivariate normal mixture distribution at the
third contamination level.

According to the results related to the type II
multivariate normal mixture distribution with three
different contamination levels (0.9-0.1, 0.788675-
0.211325, 0.5-0.5) are examined, it can be seen that
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all tests possess quite low power levels for all three contamination levels.

Table 4. Empirical power (in percent): (a=5%, n=100, p=2, 3, 5, and 10)

p=2 p=3
Altg;lsl; tive GSW bl,new b2,new Energy H-Z Royston GSW blnew b2new Energy H-Z Royston
MV Lognormal | 100 100 99.97 | 9843 | 100 100 100 100 100 98.61 | 100 100
MV Cauchy 100 99.6 100 5291 | 100 100 100 | 99.96 100 63.67 | 100 100
MV Laplace 9392 | 59.78 | 96.16 | 98.85 | 98.66 | 94.26 | 97.94 | 7562 | 99.56 | 99.96 | 99.97 | 98.28
MV to) 9991 | 9413 | 9993 | 9137 | 99.77 | 99.71 100 | 98.27 100 91.17 | 99.99 | 99.94
Generalized 100 | 99.32 8.54 99.99 | 99.99 100 100 | 9954 | 10.10 100 100 100
Exp power
Khintchine 489 | 1493 | 2280 | 27.11 | 24.87 537 452 | 2858 | 5569 | 69.65 | 67.04 | 529
MV ¥ 100 100 99.96 100 100 100 100 100 100 100 100 100
MV ¥z 100 100 96.88 100 100 100 100 100 98.94 100 100 100
MV x?) 100 | 99.99 | 80.57 100 | 99.95 100 100 | 99.99 | 87.31 100 | 99.98 100
Pearsonll (2) | 70.58 | 0.00 2063 | 3041 | 37.29 | 6819 | 8475 | 0.00 1911 | 25.44 | 3631 | 8255
Pearsonll (4) | 10.75 | 045 2.88 778 | 10.29 9.92 13.01 | 041 1.26 637 | 995 | 11.39
Pearson 1l (10) | 3.46 151 0.91 4.73 532 337 3.54 147 1.08 439 | 5.09 3.33
Pearson VI (1) | 100 | 99.59 100 53.79 | 100 100 100 | 99.99 100 63.71 | 100 100
PeaEi%g‘ vii 3258 | 2234 | 3336 | 2045 | 1531 | 33.04 | 3921 | 2324 | 3866 | 2400 | 1592 | 4029
MVN Mix1(0.9) | 81.14 | 9477 | 8552 | 88.30 | 7816 | 90.50 | 81.23 | 9856 | 95.46 | 96.65 | 88.18 | 96.47
MVN Mix I
(0.788675) 89.91 | 9924 | 60.73 | 9876 | 97.24 | 9833 | 9017 | 9992 | 7690 | 99.95 | 99.55 | 99.77
MVN Mix 1 (0.5) | 70.84 | 61.84 | 1837 | 89.70 | 87.99 81.8 | 7442 | 7943 | 3647 | 97.67 | 97.31 | 91.09
Mvg)l\;[)‘x e 8.57 6.92 10.90 6.20 5.48 6.44 9.71 8.92 20.10 786 | 622 6.29
MVN Mix II (0.
788675) 9.96 7.02 11.83 7.29 6.37 558 | 1336 | 1032 | 2329 | 1140 | 805 6.37
MVI‘(I)I;“X I 6.44 7.02 7.54 9.26 7.89 4.09 959 | 1032 | 1455 | 1573 | 1214 | 434
p=10
Altgl;lslg ‘tlve bl,new b2,new Energy Royston GSW blnew b2new Energy H-Z Royston
MV Lognormal | 100 100 100 100 100 100 100 100 100 100 100 100
MV Cauchy 100 100 100 100 100 100 100 100 100 100 100 100
MV Laplace 99.72 | 91.19 100 100 100 99.79 100 | 99.58 100 100 100 100
MV ta) 100 | 99.83 100 99.99 | 100 100 100 100 100 100 100 100
Generalized 100 | 99.18 | 12.39 100 | 99.99 100 100 | 9549 | 1533 | 99.99 | 99.21 100
Exp power
Khintchine 415 | 5755 | 9496 | 99.02 | 9886 557 3.80 | 93.56 100 100 | 9999 | 6.19
MV x?) 100 100 100 100 100 100 100 100 100 100 100 100
MV x?2) 100 100 99.73 100 100 100 100 100 99.93 100 100 100
MV x?) 100 100 92.62 100 | 99.99 100 100 | 99.98 | 96.36 100 99.9 100
Pearsonll (2) | 96.33 | 0.00 2.39 1316 | 3112 | 96.03 | 99.77 | 0.00 0.00 179 | 20.74 | 99.96
Pearsonll (4) | 1643 | 0.27 0.55 4.02 8.88 14.66 | 2411 | 017 0.67 146 | 820 | 2234
Pearson 1 (10) | 3.38 1.19 1.62 3.76 5.26 2.98 3.23 0.51 2.56 249 | 492 2.92
Pearson VII (1) | 100 100 100 100 100 100 100 100 100 100 100 100
Peaﬁ‘(’)r)l vii 50.89 | 2433 | 4466 | 2863 | 1531 | 5285 | 69.48 | 20.64 51.8 3457 | 1154 | 73.16
MVN Mix 1 (0.9) | 7938 | 99.81 | 99.50 | 99.47 | 92.88 | 98.97 | 68.90 | 99.98 100 9995 | 83.89 | 99.86
MVN Mix I
(0.788675) 89.20 | 100 94.01 100 | 99.92 100 84.08 | 100 99.94 100 | 99.27 100
MVN Mix1(0.5) | 77.39 | 96.73 | 64.86 | 99.88 | 99.63 | 97.75 | 7631 | 100 96.34 100 | 99.96 | 99.82
Mvg)];[)‘x" 11.86 | 14.36 | 4396 | 12.82 | 7.40 6.72 13.66 | 2391 | 8684 | 2815 | 814 8.05
Mv%gg’;; O 1 1764 | 2028 | 4879 | 2245 | 11.42 680 | 21.53 | 4424 | 91.54 | 55.80 | 15.60 7.61
Mvg)l\é[)‘x I\ 1536 | 2028 | 3005 | 2920 | 1791 | 427 | 2120 | 4424 | 7350 | 6943 | 3073 | 408

While the power of the tests increases when the first contamination level for the multivariate

contamination parameter falls from 0.9 to 0788675,
when the contamination parameter falls from
0.788675 to 0.5, the power of the tests decreases. At
all three contamination levels, the binew test has the
lowest power (0.00%) at n=20 and p = 10. It can be
seen that the power of the tests increases as the
sample size increases. As a result, it can be said that
the test with the best power performance at the
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normal mixture distribution is the GSW test.

It can be seen that the power of the tests
increases at different sample sizes and numbers of
variables, as the sample size increases, at the
second contamination level (0.788675-0.211325).
The Energy test has better power than the other
tests at p = 3, and 5. At p = 10, the bznew test displays
the highest empirical power. As the power of the
tests increase at different sample sizes and
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numbers of variables, as the sample size increases, observed that there are increases in the power
at the third contamination level (0.5-0.5), it is levels of the GSW, b1,new, bz new, Energy and HZ tests.
Table 5. Empirical 1 (a=5%, n=200, p=2, 3, 5 and 10
=2 EX
Alternative Distr. b1,new b2,newp Energy Royston ‘ GSW b1,new bZ,neuF: Energy Royston
MV Lognormal 100 100 100 100 100 100 100 100 90.66 100 100
MV Cauchy 100 99.9 100 51.13 100 100 100 99.99 100 34.36 100 100
MV Laplace 99.90 67.38 99.96 99.98 100 99.89 100 81.75 100 99.95 100 99.99
MV tz) 100 | 98.01 100 78.20 | 100 100 100 99.64 100 79.02 100 100
Generalized 100 100 | 1125 | 100 | 100 100 100 100 | 1221 | 100 100 100
Exp power
Khintchine 4.75 17.01 41.27 51.24 49,81 4.92 4.67 34.07 87.11 96.17 95.90 5.04
MV 2y 100 100 100 98.31 100 100 100 100 100 98.85 100 100
MV x212) 100 100 99.95 99.86 100 100 100 100 100 99.87 100 100
MV ¥ 100 100 97.38 100 100 100 100 100 98.91 99.99 100 100
Pearsonll (2) | 99.69 | 0.14 93.39 | 7445 | 76.34 | 99.49 99.99 0.00 88.86 | 73.98 | 77.30 100
Pearson II (4) 33.26 0.39 24.15 16.59 18.73 30.75 44.32 0.35 17.07 14.70 19.16 40.18
Pearson II (10) 5.25 1.53 2.46 5.45 6.20 491 5.33 1.53 1.77 5.03 6.55 5.04
Pearson VII (1) 100 99.95 100 50.66 100 100 100 100 100 35.50 100 100

Pearson VI | o) o7 | 2695 | 5552 | 31.14 | 2290 | 5203 | 6280 | 2990 | 6273 | 3723 | 2503 | 63.09

(10)
MV(NO g’[)"” 98.01 | 99.85 | 99.04 | 99.15 | 9645 | 99.37 | 9858 | 99.99 | 99.94 | 9997 | 9921 | 99.92
MVN Mix I
(0788675) | 9976 | 100 | 8819 | 100 | 9997 | 100 99.75 100 | 9647 | 100 100 100
MV(I; g’[]"” 96.35 | 94.68 | 3880 | 99.87 | 99.67 | 9899 | 9757 | 9926 | 6818 | 100 | 99.99 | 99.91
MV(I\B“;)‘X L 1099 | 859 | 1532 | 715 | 628 | 7.00 1431 | 1229 | 2869 | 10.14 | 7.30 7.15
MUNMixIT(0. | 4, 60 | g99 | 1759 | 990 | 790 | 685 21.82 | 15.05 | 3531 | 17.30 | 11.03 | 6.95
788675)
Mvg)l\g)‘x o 863 | 899 | 1114 | 1525 | 1219 | 396 1604 | 15.05 | 2175 | 3150 | 2113 | 3.78
p=5 |
Alternative Distr. b2,new Energy ‘ Royston ‘ - Royston
MV Lognormal | 100 100 100 | 82.76 | 100 100 100 100 100 | 9643 | 100 100
MV Cauchy 100 100 100 | 15.82 | 100 100 100 100 100 | 21.08 | 100 100
MV Laplace 100 | 9517 | 100 100 | 100 100 100 99.86 | 100 100 100 100
MV ta) 100 | 99.99 | 100 | 51.80 | 100 100 100 100 100 | 7948 | 100 100
Generalized 100 100 | 1424 | 100 | 100 100 100 100 | 1807 | 100 100 100
Exp power
Khintchine 469 | 6596 | 99.92 | 100 | 100 5.63 3.79 97.19 | 100 100 100 6.19
MV x?) 100 100 100 | 99.72 | 100 100 100 100 100 | 99.70 | 100 100
MV x?2) 100 100 100 100 | 100 100 100 100 100 | 99.98 | 100 100
MV y?a) 100 100 | 99.74 | 100 | 100 100 100 100 | 99.95 | 99.99 | 100 100
Pearson 1l (2) | 100 | 0.00 | 6638 | 60.50 | 72.12 | 100 100 0.00 090 | 1835 | 54.65 | 100
Pearson I (4) | 62.07 | 021 | 559 | 10.64 | 1822 | 56.13 | 8656 0.18 041 375 | 14.63 | 82.89
Pearsonll (10) | 592 | 137 | 141 | 397 | 605 | 537 6.22 0.77 172 271 | 577 5.14
Pearson VI (1) | 100 100 100 | 1642 | 100 100 100 100 100 | 2159 | 100 100

Pearson VII 77.98 | 3238 | 69.19 | 44.02 | 2421 | 7855 9397 | 34.09 | 77.43 | 53.08 | 20.10 | 94.63

(10)
MV(IE)] g/[)lXI 98.62 100 100 100 99.83 100 97.83 100 100 100 99.51 100
MVN Mix I
(0.788675) 99.82 100 99.85 100 100 100 99.78 100 100 100 100 100
MV(I; g;lx} 98.58 100 93.03 100 100 100 98.98 100 99.99 100 100 100
Mvg)l\g]ix I 18.11 | 2241 | 59.77 | 1830 | 870 7.99 2348 | 4832 | 96.12 | 4578 | 1093 | 9.43
M‘%g‘é’;g)(o' 3092 | 3440 | 6792 | 3880 | 1779 | 774 | 4121 | 8051 | 9878 | 8529 | 3015 | 10.03
MVE)I;I)lxII 27.56 | 34.40 47.32 61.20 | 35.50 3.76 42.98 80.51 93.09 97.34 64.49 3.91
It is seen that the power levels of the binew test 5. Conclusions
decrease when the number of variables increases for
n = 20, the power of the binew test increases together In this study, the generalized Shapiro-Wilk test
with the number of variables for n = 50, 100, 200. (GSW), which has been proposed by Villasenor-Alva
The Energy test provides better power results for and Gonzalez-Estrada, the Kankaiken-Taskinen-Oja’s
the multivariate normal mixture distribution at the skewness test (binew), the Kankainen-Taskinen-Oja’s
third contamination level. kurtosis test (bznew), the Energy test, the Henze-

83



Ozlem Alpu, Demet Yuksek / International Journal of Advanced and Applied Sciences, 3(12) 2016, Pages: 73-85

Zirkler (HZ) test and the Royston (1992) test have
been introduced for testing of the null hypothesis in
connection with multivariate normality, and
comparisons have been made concerning the
empirical type I errors rates of these tests and their
power levels. In the comparisons concerning the
type 1 errors for n=20, the binew and bznew tests
display quite poor results, while the other four tests
display better results, close to the nominal a level. As
the sample size increases an improvement in the
b1new and bznew tests is seen.

In general, in all of the comparisons made
concerning the power of the tests, the b1 new test gave
the worst results. The binew test particularly
possesses bad performance for symmetrical and
leptokurtic distributions. Therefore, it will be more
appropriate to use alternative tests instead of these
ones. The bznew test has given bad results for heavily
skewed distributions, but good results for the type 11
multivariate normal mixture distribution. While the
Energy test has poor performance in the
symmetrical and platykurtic distributions, it does
display better power performance for symmetrical
and leptokurtic distributions. The GSW and Royston
tests have provided good results for platykurtic
tests.

As a result, the Energy and Royston tests have
more powerful for type [ normal mixture
distributions, while the bz new test has more powerful
for type Il normal mixture distributions. It has been
observed that the GSW and Royston tests are more
powerful for elliptical, skewed and generalized
exponential power distributions. The Royston test
has been found to be more powerful for symmetrical
distributions, while the Energy test has been found
to be empirically more powerful for the Khintchine
distribution.
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